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In this letter, we present a new procedure to determine completely the complex modular values 
of arbitrary observables of pre- and post-selected ensembles, which works experimentally for all 
measurement strengths and all post-selected states. This procedure allows us to discuss the physics 
of modular and weak values in interferometric experiments involving a qubit meter. We determine 
both the modulus and the argument of the modular value for any measurement strength in a single 
step, by controlling simultaneously the visibility and the phase in a quantum eraser interference 
experiment. Modular and weak values are closely related. Using entangled qubits for the probed 
and meter systems, we show that the phase of the modular and weak values has a topological origin. 

This phase is completely defined by the intrinsic physical properties of the probed system and its 
time evolution. The physical significance of this phase can thus be used to evaluate the quantumness 
of weak values. 


In 1988, Aharonov, Albert, and Vaidman (AAV) intro¬ 
duced the weak value of a quantum observable A from 
an extension of the von Neumann measurement scheme 
[1], They pointed out that the result of a measurement 
involving a weak coupling between a meter and the ob¬ 
servable A of a system with a pre-selected initial state 
and a post-selected final state | iff) depends directly 
on the weak value: 
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an unbounded complex number. In particular, they 
showed that the shift of the average detected position 
due to post-selection is proportional to the real part of 
the weak value. Since for weak measurements in the ab¬ 
sence of post-selection, this shift is proportional to the 
average of the observable (ipi\A\ipi) / (vpi\tpi), a direct but 
bold physical interpretation of the weak value assumes 
it represents somehow the average of A in the pre- and 
post-selected ensemble. They also related the imaginary 
part of the weak value to the shift of the average impul¬ 
sion. Beside the AAV approach, weak values may also 
appear using a meter strongly coupled to the observable 
A [2— 7]. In these instances, the effective weak interaction 
is achieved by selecting particular initial states of the me¬ 
ter system, so that the probability of actually measuring 
A is low and the probed system is left unperturbed most 
of the time. Therefore, both methods transform the stan¬ 
dard von Neumann procedure to a weak measurement 
with a high incertitude. 

Weak values and weak measurements proved useful 
in many fields of physics and chemistry [8-20]. Never¬ 
theless, the proper physical interpretation of weak val¬ 
ues remains highly debated. For example, weak values 
were used to develop a time-symmetrized approach to 
standard quantum theory, the two-state vector formal¬ 
ism [21], where they appear as purely quantum objects. 


Oppositely, a purely classical view of the occurrence of 
unbounded, real weak values - and possibly of complex 
ones - was proposed recently [22] (which is criticizable 
though [23-25]). 

In this letter, we uncover a physical interpretation of 
complex weak values in terms of their polar representa¬ 
tion (modulus and argument), which provides evidence 
for their quantumness. We devised an interferometric 
procedure to measure and discuss complex weak values 
in their polar representation instead of the usually deter¬ 
mined real or imaginary part. Our procedure relies es¬ 
sentially on a joint phase and visibility measurement in a 
quantum interferometer where the meter system acts as a 
quantum eraser. Using simple cases exploiting entangled 
qubits, we relate the argument of the weak value to topo¬ 
logical phases defined completely by the probed system 
states involved in the weak measurement. Additionally, 
our procedure works in conditions where the usual weak 
measurement procedure fails completely: (I) for arbitrary 
measurement strengths (i. e. including strong measure¬ 
ments) and (II) for orthogonal and nearly orthogonal ini¬ 
tial and final probe states. It proceeds by optimizing the 
interference phase to measure simultaneously the modu¬ 
lus and the argument of the weak value in a single step. 

Formally, our procedure implements a quantum con¬ 
trolled evolution, in which an arbitrary quantum system 
If pi), the probe, interacts with a qubit meter via the quan¬ 
tum gate (Fig. 4.a): 

Ugate = n r ® i + e iS rt-r ® Ua , (2) 

where II-|- r are projectors acting on the meter and S is a 
phase factor first supposed to be null. The transforma¬ 
tion Ua = e~ lg A is expressed in terms of a time inde¬ 
pendent Hermitian operator A and an arbitrary coupling 
strength g, defined by the integral g = f g(t) dt [26]. Af¬ 
ter the gate interaction, the spin observable d q of the me¬ 
ter is measured. According to the final meter state, the 
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information about whether the transformation Ua was 
applied on the probe can be preserved or erased, com¬ 
pletely or partially. Finally, a projective measurement of 
the probe system post-selects the vector state \ipf)- 
The average cr™ of the meter observable for a given 
pre- and post-selected sub-ensemble of the probe system 
is then: 


(irt.lf) Jic A m + [(T* x nt) .l/'] 9m A m 
(1 + P m + (l - P m ~U.rfr) \A m \ 2 


In this expression, the normalized vectors rr t, if and 
are the directions on the meter Bloch sphere determin¬ 
ing the initial | m) and final | q) meter states as well as 
the projector state |r) controlling the interaction, respec¬ 
tively. The direction of q was chosen orthogonal to r to 
select maximally interfering pathways through the meter 
measurement: then, the gate action appears as a super¬ 
position of having applied both Ua and I, and all in¬ 
formation about the gate action is lost (quantum eraser 
condition). The parameter P m characterizes the purity 
of the initial meter state, ranging from 1 for pure states 
to 0 for a maximally mixed state. A m is defined as the 
modular value of the probe observable A for the pre- and 
post-selected sub-ensemble: 
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where the weak measurement approximation effectively 
removes the nonlinear dependence of equation (14) on 
the modular value modulus (see denominator). 

For an arbitrary measurement strength, we seek in¬ 
stead to measure the modular value in its polar form 
to assess directly its modulus \A m \ and argument f = 
a,TgA m . We introduce an additional unitary transfor¬ 
mation in the meter path. It creates a relative phase 
shift £ between the orthogonal states | r) and | — r) that is 
effectively equivalent to a rotation of the modular value 
in the complex plane. When the phase shift compen¬ 
sates precisely the argument of the modular value (i. e. 
when ^ = if), this rotation aligns the modular value with 
the real axis. Choosing the meter configuration q Re that 
picks the real part of the modular value provides now 
its full modulus, while its argument is equal to the in¬ 
troduced phase shift. In practice, our procedure imple¬ 
ments a quantum interferometer exploiting entanglement 
to measure the two quantities concurrently. Indeed, the 
expression for the joint probability outcome P joint of the 
meter and the probe measurements is proportional to: 

P joint oc 1 + V cos (ip - £) , (6) 

typical of an interference phenomenon, where V repre¬ 
sents the visibility and if — £ the phase. Experimentally, 
the visibility is determined by measuring the maximum 
and the minimum of the joint probability, denoted by 
Pmax and P min , respectively: 


It appears from the action of projectors in (2). Modu¬ 
lar values were not often reported as such in the litera¬ 
ture because they are directly related to weak values in 
the usual weak approximation limit for small coupling 
strengths, through a first order polynomial development 
in g: A m = 1 — ig A w + o (g 2 )- Nevertheless, they char¬ 
acterize all projective couplings between the probe and 
meter systems, where they generalize weak values in a 
non-perturbative way. They typically describe quantum- 
gate type interactions [27] and quantum interference ex¬ 
periments [28-30], but appear also in photon trajectory 
measurements [17] for example. In the following, we re¬ 
late the physical interpretation of modular values to the 
visibility and the phase of interferometric experiments. 

In our procedure, the interaction strength is not de¬ 
termined by g. Instead, it reflects the probability of the 
application of Ua by the quantum gate, which is con¬ 
trolled by the measurement strength 9 = arccos (rfruU), 
with 9 £ [0,7r]. By choosing particular final meter states 
q Re and <f/ m (constrained by q.r = 0), the real and imag¬ 
inary parts of the modular value are determined from 
the average meter observable <r™, respectively [31]. For 
small measurement strengths 9 r; 0 when the purity P m 
is close to one, we obtain the modular value according to 
the standard approximations of weak measurements: 


V = 
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When the phase introduced by R$ equals the argument 
of the modular value, the maximum of the joint prob¬ 
ability is obtained for the meter vector q Re , while its 
minimum is obtained for the orthogonal state — q Re ■ The 
two situations correspond to constructive and destruc¬ 
tive interferences in the joint measurement, respectively. 
The visibility depends on the coupling strength and the 
modular value modulus: 


V = 


2 P m tan (|) 
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with coefficients C t defined by: 
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This quadratic equation provides two solutions for the 
modular value modulus: 
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The solution |7l m |_ corresponds to |^4 TO |, if the condition: 
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FIG. 1: (color online) Quantum controlled evolution: (a) pro¬ 
tocol, (b) representation in the Bloch sphere of the relevant 
probe states and (c) experimental set-up. (b) Probe Bloch 
sphere with initial i and final^ states, a n observable rotation 
axis n, and the mirror image i of i with respect to the n axis. 
The solid angle Slini'f associated to the geometric phase in eq. 
(15) is obtained by following consecutively the three great cir¬ 
cle arcs i —¥ n —> i' (blue), *'—>•/ (red), and / — > i (red), 
(c) The set-up comprises three areas: the state preparation 
with the two qubit generation (I), the meter measurement by 
detectors D i and D 2 (II) and the final probe post-selection by 
D3 (III). The coincidence counts N13 and N23 are acquired 
by four single photon counting modules (SPCM) placed in the 
meter and probe paths. 


is verified, and |A m | + = \A m \ otherwise. Together, they 
provide the characterization of the modular value mod¬ 
ulus for an arbitrary coupling strength. It is directly 
related to the visibility. In particular, the weak mea¬ 
surement approximation gives \A m \ ss V/9, similarly to 
equation (5). In this expression of the modular value, 
the visibility plays the same role than the pointer shift 
in weak values. This shows a strong connection between 
modular values and weak interferometric experiments. 

Now we consider the connection between modular and 
weak values to gain insight into the physics of weak val¬ 
ues. The previously arbitrary probe system becomes a 
qubit and the probe transformation Ua = e - ®^ is a ro¬ 
tation operator involving the Pauli observable a n = n.a 
(n a unit vector). We set a strong AAV coupling strength 
g = 7r. Then, Ua = —itin and the quantum gate acting 
on the two qubits becomes: 

UgATE = ri r 8> i + fl-r 0 <5n , (12) 

where the phase factor S in (2) was set to This shows 
the equivalence of modular and weak values of a n (see 
also [27]). We can thus apply our scheme to determine 
an arbitrary weak value of the Pauli operator in its polar 
representation. Interestingly, the argument of the weak 
value depends only on the probe evolution from its ini¬ 
tial to final state as defined by the operator Ua (a related 


result is mentioned in [32]). This phase has a topolog¬ 
ical component, similar to the Pancharatnam geometric 
phase. Its value is proportional to the solid angle flini'f 
delimited by four vectors on the Bloch sphere (see Fig. 
4.b and derivation [33] for details): 


(V’/IV’i 


= arctan 
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This geometric phase is completely defined by intrinsic 
properties of the probe system. It is observed directly 
in the interferometric experiment but does not depend 
on the meter properties, contrary to the pointer shift in 
usual weak measurement (which depends on g ). It em¬ 
phasizes the quantum origin of the argument of the com¬ 
plex weak value and its relationship to physical properties 
of the probe system. 

Experimentally, we implement a conceptual CNOT 
gate Ugate = II |o) ® 7 + II|i) <8 The initial meter 

state p m = with nt = (sin0, 0, cos 9), 

controls the application of the unitary observable a x on 
the target probe state pre-selected in the | ipi) = |0) state. 
The meter projective measurement is then performed in 
the cr x basis ( q). It erases the information about the ap¬ 
plication of a x on the target since it was controlled by 
the meter basis vectors |0) and |1) of <r z (r). It is followed 
by the probe measurement of the final post-selected state 
\ipf). Finally, we obtain the weak value a X}W as a func¬ 
tion of our chosen initial meter state (to), which defines 
the measurement strength ( 9 ), and post-selected probe 
state | tpf). 

In practice, the two-qubit state after the CNOT gate 
is simulated by entangled photon pairs produced by type 
I spontaneous parametric down-conversion in two or¬ 
thogonal nonlinear BBO-crystals [35] (see Fig. 4.c and 

[36] for set-up details). One photon is assimilated to 

the meter and the other to the probe. A half-wave 
plate and a third BBO placed before the source con¬ 
trol the photon pair state. Conceptually, they select 
the initial meter polarization of the CNOT gate while 
the initial probed state always has horizontal polariza¬ 
tion. We post-select the probe polarization | ipf) = 
cos (a) 117} + sin (a) |V) at detector D 3 . Detectors Di 
and Z?2 measure the meter polarization (diagonal | D) 
and anti-diagonal | A) states, respectively). We adjust 
the phase £; by tilting a birefringent Z-cut quartz plate 
in the meter path to obtain the interference visibility V 
from the coincidence counts. When coincidence counts 
N^ ax are maximal for detectors D\ and D 3 (construc¬ 
tive interference), coincidence counts for detectors 

D2 and D 3 are minimal (destructive interference). Then, 
the phase £ equals the argument ip of the weak value 
&x,w = {4 1 f{ a )\^x\H)/{^f(a)\H) 1 while the visibility is 
given by equation (7): V = . This scheme 

improves the signal-to-noise ratio of a weak measurement 

[37] . 
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FIG. 2: (color online) (a) Visibility and (b) argument as a 
function of the post-selected polarization | ipf) = cos (a) | H) + 
sin (a) | V) with pre-selected | H) polarization for three ini¬ 
tial meter states: 9i = 0.499 7 r and Pi m = 0.882 ± 0.002 
(red squares), 62 = 0.297 n and P 2 m = 0.836 ± 0.002 (blue 
circles), 63 = 0.092 n and P 3 m = 0.956 ± 0.001 (black tri¬ 
angles). (c) Positive/negative solution criterion. Values 
larger/smaller than unity (violet, solid horizontal line) ad¬ 
mit the positive/negative solution | a x ,w\±, respectively. Final 
meter states are \D) and |A) for measurements (a-b) and | H) 
and \V) for (c). Grey, solid lines represent theoretical curves. 


Fig. 2 presents the visibility and the phase for three 
different initial meter states inconciliable with weak mea¬ 
surement approximations. The corresponding strengths 
9 were determined from the density operator of the bipho¬ 
ton using quantum state tomography [38, 39]. The puri¬ 
ties were rather estimated by fitting the theoretical visi¬ 
bility to the data (y 2 minimization method) because V is 
highly sensitive to P m . The latter step may be skipped 
if the meter is supposed in a pure initial state [39], as 
usually done in the literature. We chose pre- and post- 
selected states for which the argument of cr x , w (a) (Fig. 
2.b) takes only the two values 0 or 7 r for simplicity. It 
determines the sign of the weak value. The solid angle 
^ini'f related to the geometric phase (15) is defined in 
the OXZ plane of the Bloch sphere (see Fig. 2.b): the 
great circle arcs make a full circle 

or compensate each other depending on the post-selected 
state /(a). The visibility (Fig. 2.a) provides the modulus 
IctjcujI) using the two solutions obtained in relation ( 10 ). 
The switch between them occurs at the maximum of the 
visibility. The criterion (11) determining this switch is 



postselected a ngle a (deg) 


FIG. 3: (color online) Weak values determined from phase 
and visibility measurement for the three strengths 9 1 (red 
squares), #2 (blue circles), and #3 (black triangles), and from 
the standard weak measurement technique (violet diamonds) 
using relation (5) with the weak strength @4 = 0.025 7 r and pu¬ 
rity Pim = 0.982 ± 0.001. All set-ups use a |D), | A) basis for 
the final meter measurement (the additional measurement in 
the | L), R) meter basis required by standard weak measure¬ 
ments was not performed since Qtncr^u^a) = 0 here). 


measured from the coincidence count ratio N£ 3 /N 33 with 
horizontal | H) (detector D 1 ) and vertical \V) (detector 
D 2 ) meter polarizations. In this case r = q ., and the me¬ 
ter measurement reveals completely the probe state after 
the quantum gate interaction (no information erasure). 
The theoretical switch angle and the measured criterion 
agree strongly except for strengths approaching the range 
of weak measurements ( 6 * 3 ), where a difference of 2 —4° is 
observed due to increasing experimental noise (Fig. 2.c). 

The full weak values determined using a strong (9 2 ) or 
a weaker (9 3 ) strength are compared in Fig. 3.a. Both 
set-ups provide excellent agreement with the theoretical 
curve, except at the solution switch, where the accuracy 
of the set-up using weaker measurement strengths de- 
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creases (see insets a.l and a.2). In Fig. 3.b, we compare 
our method to the standard weak measurement tech¬ 
nique. For a small modulus of the weak value cr X}W (a), 
both techniques provide results close to theoretical pre¬ 
dictions. However, for large moduli, the weak measure¬ 
ment approximation breaks down completely (zoom b.l) 
for a wide range of post-selected states approaching or¬ 
thogonality to the pre-selected state. Weak measurement 
results are useless there and only our method works. 

In conclusion, the presented quantum eraser procedure 
exploits a qubit meter to measure directly the modulus 
and the argument of complex modular and weak values 
for arbitrary measurement strengths. The connection be¬ 
tween modular and weak values allowed us to investigate 
directly weak values of qubit systems in their polar rep¬ 
resentation by performing a one-step visibility and phase 
measurement. In this case, the argument of the weak 
value is associated to a quantum geometric phase, that 
has a non-controversial physical meaning. This direct 
relevance of the polar form of the weak value to the in¬ 
trinsic physical properties of the system evolution shows 
that the interpretation of past and present experiments 
involving weak values ought not be limited to the consid¬ 
eration of their real and imaginary parts. Our method 
to determine weak values requires fewer measurements 
and does not suffer the limitations of the standard weak 
measurement technique for large weak values, while it is 
applicable for both weak and strong measurement condi¬ 
tions. Experimentally, this opens the way to exploiting 
with greater accuracy the measure of weak values, partic¬ 
ularly for nearly orthogonal pre- and post-selected states. 
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to thank Profs. B. Hespel and P. A. Thiry for fruitful 
discussions and support, without which this work would 
not have been possible. We also thank S. Mouchet for the 
careful reading of the paper and the insightful remarks as 
well as J.-P. van Roy for the upgrade and the automation 
of the whole photon detection system. 


SUPPLEMENTAL MATERIAL 
Meter configurations 

In our quantum protocol, the average off of the me¬ 
ter observable for a given pre- and post-selected sub- 
ensemble of the probe system is: 

_ m (^-t) ®eA m + [(!» x 7^) ,t] 

m (1 + P m -?.rtt) + (1 -P m ?.t&) \A m \ 2 ' 

(14) 


For a given vector f controlling the quantum gate ac¬ 
tion, the quantum eraser condition = 0 constrains 

q to the red plane in figure 4.a. We choose now partic¬ 
ular final vectors q of the meter system in relationship 
to the initial vector to (characterizing the meter initial 
state), in order to determine the real and imaginary parts 
of the modular value from the average meter observable 
a ff. We pick the real part of A m when the three vectors 
m, r, q are coplanar ( qn e in blue plane in figure 4.b), so 
that (T*' x rfi) .if = 0 in equation (14). We isolate the 
imaginary part with orthogonal initial and final states of 
the meter (<f/ m orthogonal to blue plane in figure 4.c), so 
that rfi.lf = 0 in equation (14). 


Topological component of the weak value argument 


As described in the letter, the argument of the weak 
value of the spin operator o n verifies the two equalities: 


(/KN) 

</K 


= arctan 


(n x i).f 
n.i + n.f 
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The first equality results immediately from the defini¬ 
tion of the argument of the weak value, considering the 
following expression: 


(/KN) 

</N 


= arctan 


Am(f\a n \i)(i\f) 


(16) 


in which (f\o n \i)(i\f) can be expressed as a function of 
directions on the Bloch sphere: 

(f\&n\i)(i\f) = ^( n.i + n.f+j{nx (17) 


where j is the imaginary unit, i and / describe the pure 
initial and final qubit states, respectively, and n gives the 
rotation axis associated to the observable o n . For the sec¬ 
ond equality in (15), our approach is inspired by the work 



FIG. 4: Representation in the Bloch sphere of the relevant 
(a-c) meter states, (a) The red plane is perpendicular to the 
control state . It contains all final meter states if and —if 
implementing the quantum eraser condition, (b-c) The blue 
plane contains the initial meter state rrt and the control state 
. The final meter states (b) ifiie in the blue plane and (c) 
ifi perpendicular to it measure the real and imaginary parts 
of the modular value, respectively. 
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FIG. 5: The solid angle Q. a bb e a e of the four vertices a, b, 
b e and a e represented in the Bloch sphere (the red surface). 
The states | a e ) and |6 e ) lying on the equator are horizon¬ 
tal lifts of the associated states |a) and |&), respectively. 
The solid angle of the counterclockwise sequence of states 
|a) —¥ 16) —¥ | be) —> \a e ) —> |a) is in direct relationship to the 
Pancharatnam connection arg (6|a). 

of Martinez et al. [34], where they studied the geometri¬ 
cal characteristics (amplitude and phase) of polarization 
modulation optical devices on the Poincare sphere. 

The trajectory of a pure qubit state on the Bloch 
sphere corresponding to the unitary transformation oy, 
is a non-geodesic opened arc. Consequently, the result¬ 
ing state 1 1) = a n \i) is no longer in phase with the initial 
state |«). To yield nonetheless an expression in terms 
of a solid angle for the accumulated phase, let us ex¬ 
press the resulting state as \I) = i), where the 

phase is due to the non-geodesic movement of |f) 
to the output state | i). The vector i' is entirely defined 
by i' = 2 (n.i^ n — i (essentially, i' is the mirror image 

of i with respect to the n axis). The additional phase 
is determined by projecting 1 1) onto the orthogo¬ 
nal eigenvectors | n) and | — n) of the operator a n . By 
considering: 

<r„ = |n)(n| - | - n)(-n\ , (18) 

we conclude that the projection of \I) onto the eigenvec¬ 
tor |n) yields the following two relations: 

(n\I) = {n\i) = {n\i) . (19) 

The moduli |(n|i}| = |(n|i , }| are equal since i and i' are 
mirror images with respect to n. Consequently, only the 
accumulated total phase of the open loops, known as Pan¬ 
charatnam connection, remain in (19): 

¥W = arg(n|«) - arg(n|*') . (20) 

In practice, the Pancharatnam connection arg(6|a) re¬ 
lating arbitrary states |a) and | b) is determined by cal¬ 
culating the spherical quadrangle fl a bb e a e in the Bloch 
sphere (figure 5), where the supplemental vertices |a e ) 
and | b e ) are well-defined vectors. To understand, how 


they are determined, we must express their position in 
the spherical coordinate system. By convention, 2?? cor¬ 
responds to the azimuth angle and 2 y to the polar angle. 
In this representation, a pure state on the Bloch sphere 
is defined by: 

( cos (2 rj) cos( 2 y) \ 

sin (2rf) cos( 2 y) , ( 21 ) 

sin (2x) J 

and the Pancharatnam connection is given by: 

arg( 6 |a) = arctan (tan ( r] a - r/ b ) bm ^' Q + ^ . ( 22 ) 

V cos (Xa-Xb)/ 

The connection is in phase, i.e. arg(b|a) = 0, for trans¬ 
ports with the same azimuth angles rj and for transforma¬ 
tions happening around the equator of the Bloch sphere, 
i.e. for the polar angle \ — 0- These two kinds of trans¬ 
ports are known as horizontal lifts along the geodesic 
connecting the states |a) and |&) on the Bloch sphere. 
The states |a e ) = |t? o , 0) and \b e ) = 1 775 ,0) are fixed with 
the same azimuth angle as |a) and 16), respectively, and 
with a polar angle x = 0 . 

The closed loop |a) —>• | 6 ) —► \b e ) —► \a e ) |a) along 
the geodesic arcs determines the spherical quadrangle 
Qabb e a e , which is equivalent to arg(fo|a): 

arg(&|a) = arg(a|a e ) + arg(a e |& e ) + arg(& e | 6 ) + arg( 6 |a) 
= arg ((a\a e )(a e \b e )(b e \b)(b\a)) 

_ bb e a e (23) 

Note that the sign present in front of the solid angle for 
a given sequence of states is positive when the sequence 
is followed counterclockwise and is negative when the se¬ 
quence is followed clockwise. The sign of the solid an¬ 
gle changes when the sequence of projections is inversed, 
fia-vb = — f Ib-ta- It is possible to express a solid angle 
linking three vertices as a sum of three spherical quad¬ 
rangles [34]: 

flabc — II abb e a e 4“ H bcc e b e 4" H caa e c e ) (24) 

where each spherical quadrangle contains two vertices of 
the initial solid angle. 

We use the decomposition property of eq. (24) to 
rewrite the expression giving < Pi->i> ( 20 ) according to: 

II ini' 4 ~ 

=-j- ’ ( 25 ) 

where we made use of eq. (23) to express the connexions 
appearing in (20). Following the indices may be tedious 
but, essentially, eq. (20) and (23) show together that 
the expression of the phase > includes a sum of two 
spherical quadrangles; then we used eq. (24) to express 
the sum of these two spherical quadrangles as a function 
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of the third spherical quadrangle and of the spherical 
triangle appearing in eq. (24). 

Furthermore, expression (25) points out that the non¬ 
geodesic phase iis the sum of the geometric phase of 
the closed loop |«) —► | n) —> \i') |z) (first term) and the 
phase of the Pancharatnam connection |i) — > | i') (second 
term). 

Using the last results, the argument of the weak value 
of <t„ is: 


CVI Melles Griot). Before detection, the photons are 
coupled into multimode fibers and filtered using low- 
pass filters (FGL780 from Thorlabs). About 4000 total 
coincidence counts per second are acquired by using a 
homemade FPGA (SE3BOARD from Xilinx) coincidence 
counter. 
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By definition, the signal-to-noise ratio (SNR) is the 
ratio of the magnitude of the expected meter shift to the 
standard deviation [ 2 ]. 

For given pre- and post-selected probe states, we con¬ 
sider a final meter outcome which follows a binomial dis¬ 
tribution: the meter qubit is measured either by detec¬ 
tor D i (and contributes to N^ ax ) or by detector D 2 
(and contributes to N^ m ). The expectation value of 
is therefore E [A^g m ] = p (213) N and its variance 
A N™ in = p (2|3) (1 — p (2|3)) N. N = N™ ax + N£ in 
is the total number of pre- and post-selected detector 
events and p(2|3) is the conditional probability to trig¬ 
ger the meter detector D 2 for a given probe detection by 
-D 3 . Consequently, the expectation value of the measured 
visibility is: 


Equality (a) results from the definition of the states |/') 
and | i'). (b) expresses the Pancharatnam connexions in 
terms of solid angles using eq. (23). (c) takes the ar¬ 
gument of the previous expression, (d) exploits the de¬ 
composition property of eq. (24). (e) follows from the 
expression of in (25). (f) is due to canceling terms, 
(g) combines the two spherical triangles in one spherical 
quadrangle (as the paths i —> i' and i' —> i present in the 
triangles cancel each other). 
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where the last equality follows directly from the defini¬ 
tion of the conditional probability: p(2|3) = p Pt Tp —, 
with Pmax and P m i n the maximum and the minimum of 
the joint probability of the measurement protocol. The 
corresponding variance is: 


Experimentally, we implement the polarization- 
entangled biphoton state after the conceptual CNOT 
gate using two orthogonal nonlinear BBO crystals in the 
“sandwich configuration” [35]. Each crystal is 1 mm 
thick and cut for type-I phase matching with 9 = 29.2° 
and <p = 90°. Via the nonlinear interaction of spon¬ 
taneous parametric down-conversion (SPDC), the pump 
laser (blue diode DL-7146-101S from SANYO Electric 
Co.) centered at 407 nm generates two polarization- 
entangled photons at 814 nm. The laser diode is con¬ 
trolled by temperature (Thorlabs TED 200C) and cur¬ 
rent (Thorlabs LDC202C) controllers. It produces a con¬ 
tinuous laser output power of 60 mW. We use four sin¬ 
gle photon counting modules (SPCM-AQ4C from Perkin- 
ElmerFor) for the joint polarization measurement of the 
meter or probe photons. The polarization basis are se¬ 
lected by half- and quarter-wave plates followed by a 
polarizing beam-splitter (RCHP-15.0-CA-670-1064 from 
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where we used the relationship p (2|3) = AA-. This leads 
to the standard deviation: 
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1-V 2 
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(29) 


Finally, the signal-to-noise ratio of the presented mea¬ 
surement scheme is: 
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SNR = 


Vi-u 2 
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(30) 



























The standard protocol determines the real (or the imag¬ 
inary) part of the modular value by measuring the me¬ 
ter observable a qRe (or <r qim ). In this case, the visibil¬ 
ity V in the signal-to-noise relation (30) is replaced by 
the absolute value of the meter average ct™ e (or o ^ Im ) ■ 
In the weak measurement limit, the latter is related to 
the modular value by the approximation o^ Re ~ 6 Jie A m 
(or ~ 0 9mA m ). This expression is similar to the 
one obtained for our scheme in the weak measurement 
limit, relating the visibility to the modulus of the mod¬ 
ular value: V ~ 6 \A m \. Because the modulus of a com¬ 
plex number is always larger or equal than its real and 
imaginary parts {\A m \ > $lcA m and \A m \ > 3mj4 m ), 
our scheme improves the signal-to-noise ratio of the weak 
measurement compared to the standard protocol. (And, 
additionaly, it works when the weak measurement ap¬ 
proximation fails.) 


Preliminary meter analysis 

As described in the main Letter, the proposed mea¬ 
surement scheme involves the determinations of two pa¬ 
rameters: the measurement strength 6 and the purity 
P m . These requirements are not specific to our scheme. 
In all weak value measurement protocols, the determina¬ 
tion of the measurement strength 6 is a necessary and 
inevitable process which requires a separate acquisition. 
Our scheme does not perform better or worse than other 
schemes in the literature in that respect. The additional 
determination of the purity P m is only required because 
we considered the most general case of an initial inco¬ 
herent state of the qubit meter system. Most of the lit¬ 
erature assumes the meter to be in a known pure state 
to avoid this supplementary step. To determine the ini¬ 
tial meter state in our protocol, it is only necessary to 
perform the quantum tomography of a single qubit. In 
pratice, in our experimental implementation, we simu¬ 
lated the CNOT gate by using spontaneous parametric 
down-conversion (instead of using a true CNOT gate with 
two separate entries that could be characterized inde¬ 
pendently). For this reason, in our experiment, we de¬ 
termined the purity by performing quantum tomography 
of the two-qubit state since the input meter state could 
not be measured directly. This two-qubit tomography is 
not at all required by the proposed protocol but appears 
only as a side-effect of the practical implementation of 
our demonstrative experiment. 
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